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Pendel und DGLs: Zielsetzung

@ Intuition

@ mathematische Einfiihrung mit minimalen Vorkenntnissen
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Pendel
\
N
. _ de
Anderung des Winkels gl (1)
.. d
Anderung der Winkelgeschwindigkeitd—i = —ci1sinf+  fyrag(w)

~—caw fiir w klein

()

(c1,c2 > 0 sind Konstanten)
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Ziel

@ Equilibrium finden:
1 do
= = 3
0=— =w (3)
d
0= d—b: = —c1sinf+  farag(w) (4)

~—cow fir w klein

d.h. méchte (6,w) finden, sodass sich Zustand nicht dndert
wahrend Zeit ¢ vergeht.

@ Intuitive Ldsung: Pendel unten, i.e. (6,w) = (0,0).
e Mathematische Losung: (6,w) = (k- 7,0) Vk € Z.
@ Ausreichend: (0,0), (m,0).
o Unterschied:

(0,0) | (m,0)

Stabil ‘ Instabil

Wie kann man diesen Unterschied mathematisch sehen?
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it sinf —cow (6)
Taylor!

Taylor around = = 0: sin(z Z @ + ol 2 (7)
n



Pendel und DGLs
000e0

DGL Losen

Consider (0, w) = (0,0).
© Linear simplification: Close to (0,0), we can simplify

(0,w) = (0+6,0 + )

a9

dt
dio B
d—b: = —c10 — cow

=w



Pendel und DGLs
000e0

DGL Losen

Consider (0, w) = (0,0).
© Linear simplification: Close to (0,0), we can simplify
(O,w)=(0+6,0+w)

o

i (5)
dw ~

E = —019 — CQCD (6)

@ Solve system of equations

o) = ) @) 0



Pendel und DGLs
000e0

DGL Losen

Consider (0, w) = (0,0).
© Linear simplification: Close to (0,0), we can simplify

(0,w) = (0+0,0+ )

ao

i (5)
dw -

Pl —c10 — cow (6)

@ Solve system of equations
d (6 0 1 0
ile)-(h L6 o

< find )\Z-,)zi s.t. < (1 1c ) X =\ X; (Eigenproblem)
—c1 —C2



Pendel und DGLs
000e0

DGL Losen

Consider (0, w) = (0,0).
© Linear simplification: Close to (0,0), we can simplify
(O,w)=(0+6,0+w)

o

i (5)
dw ~

E = —019 — CQCD (6)

@ Solve system of equations

o) = ) @) 0

< find )\Z-,)zi s.t. < 0 1 ) X =\ X; (Eigenproblem)

>

—C1 —C2

1 :
)\1/2:—562:&2\/401—03 (8)
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o Recall: Eigenvalues: \; /o = —1cy +iv/4c; — 3.
@ Solution: g = dy1 X1eMt + do X2eM2t where dy, dy are

determined by initial conditions.
o Nt = eRe(iltetImN)! for j € {1,2}.
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@ Recall: Eigenvalues: A /5 = —%02 +i\/4c1 — c3.
@ Solution: g = dl)?le’\lt + dg)?ge’\ﬁ where dy, ds are

determined by initial conditions.
0 Nt = Rt MmN for e (1 9}
—_—— ——
—0 as t—o00 oscillation
Repeating steps for (7,0) we won't get convergence
(unstable)
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© Mathematical system of (non-linear) ODEs:

du dv
= Fwv) 5 =g(uw) (9)

with f, g non-linear.
@ Find equilibria: Steady state solutions are (ug, vg) satisfying:

f(uo,v0) = g(up,vp) = 0. (10)

© Linearise
TR TN
i) (ite)

(partial derivatives evaluated at steady state (ug, vp))

@ Determine types of equilibria
To be continued...
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© Determine types of equilibria: For A;, X, being the
Eigenvalues and Eigenvectors of A, the solution is given by

c1.X1eMt 4 e Xope?t (12)
:eRe()\l)teﬂm()q)t + eRe()\Q)te’“m()\g)t (13)

A1, Ao determine type of steady state:

o If Ay, Ao both real and distinct:
) ) — stable node, see Figure (a)
A1) = Ao) =
O sign(h) = sign(A2) + unstable node
@ sign(\;) # sign(A2): saddle point (unstable), see Figure (b)

\1% W
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@ Determine types of equilibria: For A;, X, being the
Eigenvalues and Eigenvectors of A, the solution is given by
61X16A1t + 02X2€>\2t (12)
:eRe(/\l)teiIm(/\1)t +eRe(A2)teiIm(A2)t (13)

A1, Ao determine type of steady state:
o If A1, A2 complex: A\yjp = a+if (8 # 0)
— stable

-+ unstable
@ a = 0: ellipses, see Figure (d)

Q If a # 0: sign(a) = } spiral, see Figure (c)

y Y

{c) (d)
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© Determine types of equilibria: For A;, X; being the
Eigenvalues and Eigenvectors of A, the solution is given by

61X1€>\1t + CQXQ@AQt (12)
:eRe()\l)teﬂm()\l)t +€Re()\2)tei|m()\2)t (13)

A1, Ao determine type of steady state:

@ A\; = A\9. Can be stable or unstable.

(e) &)




Linear Stability Analysis
000@000

Pendel und DGLs

00000 00000

Summary: Types of equilibria

y det A4

arA¥=d4det A

Unstable
spiral

Stable
spiral Centre
trA=10,

Unstable

Stable node node

o WA

Saddle point

\/
N

Parameter Domain Determination for Oscillations
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of

Recall: A = ( U
ou

(S
ST

(uosv0)
Stable iff

tr(A) =9

+ <O

= Ju
and
af 0 of 0
det(A) = 9193 9189 g
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Oscillation

Theorem 1 (Poincaré-Bendixson)

If system possesses a confined set
enclosing a single singular point which
is an unstable spiral or node then any
7= phase trajectory cannot tend to the

w5/ A/ singularity with time, nor can it leave
% the confined set. Ast — oo, the
il trajectory will tend to a limit cycle
solution (Oscillation).

For an unstable node or spiral to occur:

trA > 0,det A >0, (14)

4|A d
tr A > 44| = unstable no. ¢
< 4]A| spiral.

Confined set
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Conditions on matrix A

Want conditions on A to have limit cycle solution (oscillation).
Recall: tr A > 0,det A > 0 is sufficient.

e Gradient dv/0u > 0 with (Gymnasium)

dv/dulg—o > dv/du]s—o > 0 (16)

e Using chain rule ( ). get identities:

o Null clines: dg/0u
Intersection at dv/dulg—o = " 99/ (17)
equilibrium af /O

@ Suppose have dv/dul =0 = —af;av (18)
confined set
around S 0g/0u of/0u

= ~ag/av > ~afjov > 0
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: tr A > 0,det A > 0 is sufficient.

dg/0u of /ou
9700 > ~afsae > V-

@ Recall: —
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: tr A > 0,det A > 0 is sufficient.

@ Recall: —g%g’;‘ > _g%gz -0

o det A=0f/0u-0g/0v—0f/0v-0g/0u > 0 if
sign (0g/0v) = sign (0 f/0v) (multiplication).
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: tr A > 0,det A > 0 is sufficient.

@ Recall: —g%g’;‘ > _g%gz -0

o det A=0f/0u-0g/0v—0f/0v-0g/0u > 0 if
sign (0g/0v) = sign (0 f/0v) (multiplication).
>0 = sign(dg/0u) = —sign(dg/v)
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: tr A > 0,det A > 0 is sufficient.

@ Recall: —g%g’;‘ > _g%gz -0

o det A=0f/0u-0g/0v—0f/0v-0g/0u > 0 if
sign (0g/0v) = sign (0 f/0v) (multiplication).

® —5g7o0 > 0= sign(0g/0u) = — sign(dg/0v)

afon > 0= sign(0f /0u) = —sign(df/0v)
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: tr A > 0,det A > 0 is sufficient.

@ Recall: —g%g’;‘ > _g%gz -0

o det A=0f/0u-0g/0v—0f/0v-0g/0u > 0 if
sign (0g/0v) = sign (0 f/0v) (multiplication).
° —5a > 0= sign(0g/0u) = — sign(dg/0v)

_g%g;f >0 = sign(df/0u) = —sign(df/0v)

o trA=0f/0u+ dg/0v >0
= Jf/0u,0g/0v must not both be negative
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: tr A > 0,det A > 0 is sufficient.

@ Recall: —g%g’;‘ > _g%gz -0

o det A=df/du-dg/dv —df v - Dg/du > 0 if
sign (0g/0v) = sign (0 f/0v) (multiplication).
° _ag/av >0= Slgn(@g/@u) = — Sign(@g/av)

_gfc;gz’ >0= blgn(af/f)u) = — Sign(f)f/al))

o trA=0f/0u+dg/Ov >0
= Jf/0u,0g/0v must not both be negative
o< oL = If (up,vo) is limit cycle solution, A has the
A= ( ) following possible signs




Linear Stability Analysis
000000e

Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: tr A > 0,det A > 0 is sufficient.

@ Recall: —g%g’;‘ > _g%gz -0

o det A= 0f/0u-dg/0v—0f/Ov - g/Ou > 0 if
sign (dg/0v) = sign (0f /Ov) (multiplication).

~881%u  0 = sign(0g/0u) = —sign(dg/ov)

G2 > 0 = sign(0f /0u) = — sign(Df /0v)

trA=09f/0u+ 0g/0v >0
= Jf/0u,0g/0v must not both be negative
If (uo,vp) is limit cycle solution, A has the
following possible signs
4= (0 D) ()
+ - - +
o Further analysis would require to know the signs of

of [0u,. ..
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Parameter Domain Determination for Oscillations
@ Goal: Get conditions on parameters to have periodic solutions

@ e.g. some reaction mechanism

k ) :
A BEE spapSaw

o yielding!
du 9 dv 9
- =0 u+uv = f(u,v), dt_b u“v = g(u,v) (19)

where a, b are positive constants.

lusing the Law of Mass Action



Parameter Domain Determination for Oscillations
@0000

Parameter Domain Determination for Oscillations
@ Goal: Get conditions on parameters to have periodic solutions

@ e.g. some reaction mechanism

K : K
A BEE spapSaw

o yielding!
du 9 dv 9
E—a—u—{—uv—f(u,v), dt_b u“v = g(u,v) (19)

where a, b are positive constants.

@ For which a,b do we have oscillatory solutions?

lusing the Law of Mass Action
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© Mathematical system of (non-linear) ODEs
Ccll_? =a—u+u?v = f(u,v), % =b—u?v = g(u,v)

0

Assume confined set around S.
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© Mathematical system of (non-linear) ODEs
du

W= a—u+vPv = fu,v), %:b—ugvzg(u,v)

0

Assume confined set around S.
@ Find equilibria

f(uo,v0) = a —ug + U?)Uo < 0,9(uop,vo) = b — U(Q)Uo < 0

:>u0:b—|—a,v0:(a+Lb)2,withb>a,a+b>0.
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@ Find equilibria, continued

ug —a
v = ——5—, b:ugvozuo—a
Up
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@ Find equilibria, continued
ug —a
v = ——5—, b:ugvozuofa
Up

© Determine A

A (% %{) _ (—1+2u0v0 u? > _ ( e
5 e —2ugug —u —2 4 2
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@ Find equilibria, continued
ug —a
v = ——5—, b:ugvozuofa
Up

© Determine A

A (% %{) _ (—1+2u0v0 u? > _ ( e
5 e —2ugug —u —2 4 2

@ Conditions: det A > 0,tr A > 0.
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@ Find equilibria, continued
ug —a
v = ——5—, b:ugvozuofa
Up

© Determine A

- H-C 0-(F
5 e —2ugvg —u —2 4 2
@ Conditions: det A > 0,tr A > 0.

o det A=ud >0V
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@ Find equilibria, continued
ug —a
v = ——5—, b:ugvozuofa
Up

© Determine A

(B )z ) (U
52 % —2upvg  —ud -2+ &

U

@ Conditions: det A > 0,tr A > 0.
o det A=ud >0V
o trA=0f/0u+dg/0v > 0: = 1 —2a/ug —u >0
=a< 7“0(1;“0), b=1ug—a> 7“0(1;“0). v’
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Conditions on a, b to have limit cycle solution:

1— 2
4 < uo( > up) (20)
1 2
A b-a=(b+a)
A= Limit cycle solutions
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Summary

Summary
@ Linearise 2-dimensional system of differential equations

e Sufficient conditions for equilibria being stable / unstable /
giving rise to limit cycle solution (oscillation)

o Find conditions on parameters for osciallations
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Supplemental content. Confined set.
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