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Motivation

Viele Vorgänge in der Biologie können durch
Differentialgleichungen beschrieben werden, z.B.:

Predator-Prey Modell durch die Lotka–Volterra Gleichungen
[Lot10],
Hodgkin–Huxley Modell zur Simulation von Neuronen [HH52].

Oszillation kommt häufig in der Natur vor mit verschiedensten
Perioden, z.B.:

Herzschlag (Details: Chapter 9 in [Mur02])
Periodic Neuron Firing in Hodgkin–Huxley (Details: Section
7.5 in [Mur02])
Circadianer Rhythmus (z.B. Fruchtfliege [Win70])

Diese Oszillation kommt intrinisisch aus dem System selbst.
Kann man dieses Phänomen mathematisch aus den
Differentialgleichungen herleiten?

Ja!
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Pendel und DGLs: Zielsetzung

Intuition

mathematische Einführung mit minimalen Vorkenntnissen
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Pendel

Änderung des Winkels
dθ

dt
= ω (1)

Änderung der Winkelgeschwindigkeit
dω

dt
= −c1 sin θ + fdrag(ω)! "# $

≈−c2ω für ω klein

(2)

(c1, c2 > 0 sind Konstanten)



Pendel und DGLs Linear Stability Analysis Parameter Domain Determination for Oscillations Bibliography

Ziel

Equilibrium finden:

0
!
=

dθ

dt
= ω (3)

0
!
=

dω

dt
= −c1 sin θ + fdrag(ω)! "# $

≈−c2ω für ω klein

(4)

d.h. möchte (θ,ω) finden, sodass sich Zustand nicht ändert
während Zeit t vergeht.
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Ziel

Equilibrium finden:

0
!
=

dθ

dt
= ω (3)

0
!
=

dω

dt
= −c1 sin θ + fdrag(ω)! "# $

≈−c2ω für ω klein

(4)

d.h. möchte (θ,ω) finden, sodass sich Zustand nicht ändert
während Zeit t vergeht.

Intuitive Lösung: Pendel unten, i.e. (θ,ω) = (0, 0).

Mathematische Lösung: (θ,ω) = (k · π, 0) ∀k ∈ Z.
Ausreichend: (0, 0), (π, 0).

Unterschied:
(0, 0) (π, 0)

Stabil Instabil

Wie kann man diesen Unterschied mathematisch sehen?
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DGL Lösen

Consider (θ,ω) = (0, 0).

Linear simplification:
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Linear simplification: Close to (0, 0), we can simplify
(θ,ω) = (0 + θ̄, 0 + ω̄)

dθ̄

dt
= ω̄ (5)

dω̄

dt
= −c1 sin θ̄!"#$

Taylor!

−c2ω̄ (6)

Taylor around x = 0: sin(x) =

∞%

n=0

(−1)n

(2n+ 1)!
x2n+1 (7)
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DGL Lösen

Consider (θ,ω) = (0, 0).

Linear simplification: Close to (0, 0), we can simplify
(θ,ω) = (0 + θ̄, 0 + ω̄)

dθ̄

dt
= ω̄ (5)

dω̄

dt
= −c1θ̄ − c2ω̄ (6)

Solve system of equations

d

dt

&
θ̄
ω̄

'
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'
(7)

⇔ find λi, %Xi s.t.

&
0 1
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'
%Xi = λi · %Xi (Eigenproblem)

λ1/2 = −1

2
c2 ± i

(
4c1 − c22 (8)
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Recall: Eigenvalues: λ1/2 = −1
2c2 ± i

)
4c1 − c22.

Solution:

&
θ̄
ω̄

'
= d1 %X1e

λ1t + d2 %X2e
λ2t where d1, d2 are

determined by initial conditions.

eλjt = eRe(λj)tei·Im(λj)t for j ∈ {1, 2}.
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Recall: Eigenvalues: λ1/2 = −1
2c2 ± i

)
4c1 − c22.

Solution:

&
θ̄
ω̄

'
= d1 %X1e

λ1t + d2 %X2e
λ2t where d1, d2 are

determined by initial conditions.

eλjt = eRe(λj)t
! "# $

→0 as t→∞

ei·Im(λj)t
! "# $
oscillation

for j ∈ {1, 2}.

Repeating steps for (π, 0) we won’t get convergence
(unstable)
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Mathematical system of (non-linear) ODEs:

du

dt
= f(u, v)

dv

dt
= g(u, v) (9)

with f, g non-linear.
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Linearise

d

dt

&
u− u0
v − v0

'
=

&∂f
∂u

∂f
∂v
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∂g
∂v

'

! "# $
=:A

&
u− u0
v − v0

'
(11)

(partial derivatives evaluated at steady state (u0, v0))
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Mathematical system of (non-linear) ODEs:

du

dt
= f(u, v)

dv

dt
= g(u, v) (9)

with f, g non-linear.

Find equilibria: Steady state solutions are (u0, v0) satisfying:

f(u0, v0) = g(u0, v0) = 0. (10)

Linearise

d

dt

&
u− u0
v − v0

'
=

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'

! "# $
=:A

&
u− u0
v − v0

'
(11)

(partial derivatives evaluated at steady state (u0, v0))

Determine types of equilibria
To be continued...
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Determine types of equilibria: For λi, %Xi being the
Eigenvalues and Eigenvectors of A, the solution is given by

c1 %X1e
λ1t + c2 %X2e

λ2t (12)

=eRe(λ1)teiIm(λ1)t + eRe(λ2)teiIm(λ2)t (13)

λ1,λ2 determine type of steady state:

If λ1,λ2 both real and distinct:

sign(λ1) = sign(λ2) =

!
− stable node, see Figure (a)

+ unstable node

sign(λ1) ∕= sign(λ2): saddle point (unstable), see Figure (b)
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Determine types of equilibria: For λi, %Xi being the
Eigenvalues and Eigenvectors of A, the solution is given by

c1 %X1e
λ1t + c2 %X2e

λ2t (12)

=eRe(λ1)teiIm(λ1)t + eRe(λ2)teiIm(λ2)t (13)

λ1,λ2 determine type of steady state:

If λ1,λ2 complex: λ1/2 = α± iβ (β ∕= 0)

If α ∕= 0: sign(α) =

!
− stable

+ unstable

"
spiral, see Figure (c)

α = 0: ellipses, see Figure (d)
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Determine types of equilibria: For λi, %Xi being the
Eigenvalues and Eigenvectors of A, the solution is given by

c1 %X1e
λ1t + c2 %X2e

λ2t (12)

=eRe(λ1)teiIm(λ1)t + eRe(λ2)teiIm(λ2)t (13)

λ1,λ2 determine type of steady state:

λ1 = λ2. Can be stable or unstable.
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Summary: Types of equilibria

Recall: A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'****
(u0,v0)

Stable iff
tr(A) = ∂f

∂u + ∂g
∂v < 0

and
det(A) = ∂f

∂u
∂g
∂v − ∂f

∂v
∂g
∂u > 0
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Oscillation

Confined set picture .

Theorem 1 (Poincaré-Bendixson)

If system possesses a confined set
enclosing a single singular point which
is an unstable spiral or node then any
phase trajectory cannot tend to the
singularity with time, nor can it leave
the confined set. As t → ∞, the
trajectory will tend to a limit cycle
solution (Oscillation).

For an unstable node or spiral to occur:

trA > 0, detA > 0, (14)

trA2

+
> 4|A|
< 4|A|

⇒ unstable

+
node

spiral.

(15)
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Conditions on matrix A

Want conditions on A to have limit cycle solution (oscillation).
Recall: trA > 0, detA > 0 is sufficient.

Null clines:
Intersection at
equilibrium
Suppose have
confined set
around S

Gradient ∂v/∂u > 0 with (Gymnasium)

dv/du]g=0 > dv/du]f=0 > 0 (16)

Using chain rule ( details ), get identities:

dv/du]g=0 = −∂g/∂u

∂g/∂v
(17)

dv/du]f=0 = −∂f/∂u

∂f/∂v
(18)

⇒ −∂g/∂u
∂g/∂v > −∂f/∂u

∂f/∂v > 0
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: trA > 0, detA > 0 is sufficient.

A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'

Recall: −∂g/∂u
∂g/∂v > −∂f/∂u

∂f/∂v > 0.
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: trA > 0, detA > 0 is sufficient.

A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'

Recall: −∂g/∂u
∂g/∂v > −∂f/∂u

∂f/∂v > 0.

detA = ∂f/∂u · ∂g/∂v − ∂f/∂v · ∂g/∂u > 0 if
sign (∂g/∂v) = sign (∂f/∂v) (multiplication).
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: trA > 0, detA > 0 is sufficient.

A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'

Recall: −∂g/∂u
∂g/∂v > −∂f/∂u

∂f/∂v > 0.

detA = ∂f/∂u · ∂g/∂v − ∂f/∂v · ∂g/∂u > 0 if
sign (∂g/∂v) = sign (∂f/∂v) (multiplication).

−∂g/∂u
∂g/∂v > 0 ⇒ sign(∂g/∂u) = − sign(∂g/∂v)
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: trA > 0, detA > 0 is sufficient.

A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'

Recall: −∂g/∂u
∂g/∂v > −∂f/∂u

∂f/∂v > 0.

detA = ∂f/∂u · ∂g/∂v − ∂f/∂v · ∂g/∂u > 0 if
sign (∂g/∂v) = sign (∂f/∂v) (multiplication).

−∂g/∂u
∂g/∂v > 0 ⇒ sign(∂g/∂u) = − sign(∂g/∂v)

−∂f/∂u
∂f/∂v > 0 ⇒ sign(∂f/∂u) = − sign(∂f/∂v)
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: trA > 0, detA > 0 is sufficient.

A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'

Recall: −∂g/∂u
∂g/∂v > −∂f/∂u

∂f/∂v > 0.

detA = ∂f/∂u · ∂g/∂v − ∂f/∂v · ∂g/∂u > 0 if
sign (∂g/∂v) = sign (∂f/∂v) (multiplication).

−∂g/∂u
∂g/∂v > 0 ⇒ sign(∂g/∂u) = − sign(∂g/∂v)

−∂f/∂u
∂f/∂v > 0 ⇒ sign(∂f/∂u) = − sign(∂f/∂v)

trA = ∂f/∂u+ ∂g/∂v > 0
⇒ ∂f/∂u, ∂g/∂v must not both be negative
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: trA > 0, detA > 0 is sufficient.

A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'

Recall: −∂g/∂u
∂g/∂v > −∂f/∂u

∂f/∂v > 0.

detA = ∂f/∂u · ∂g/∂v − ∂f/∂v · ∂g/∂u > 0 if
sign (∂g/∂v) = sign (∂f/∂v) (multiplication).

−∂g/∂u
∂g/∂v > 0 ⇒ sign(∂g/∂u) = − sign(∂g/∂v)

−∂f/∂u
∂f/∂v > 0 ⇒ sign(∂f/∂u) = − sign(∂f/∂v)

trA = ∂f/∂u+ ∂g/∂v > 0
⇒ ∂f/∂u, ∂g/∂v must not both be negative

⇒ If (u0, v0) is limit cycle solution, A has the
following possible signs

A =

&
+ −
+ −

'
or

&
− +
− +

'
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Conditions on matrix A, continued

Want conditions on A to have limit cycle solution (oscillation).
Recall: trA > 0, detA > 0 is sufficient.

A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'

Recall: −∂g/∂u
∂g/∂v > −∂f/∂u

∂f/∂v > 0.

detA = ∂f/∂u · ∂g/∂v − ∂f/∂v · ∂g/∂u > 0 if
sign (∂g/∂v) = sign (∂f/∂v) (multiplication).

−∂g/∂u
∂g/∂v > 0 ⇒ sign(∂g/∂u) = − sign(∂g/∂v)

−∂f/∂u
∂f/∂v > 0 ⇒ sign(∂f/∂u) = − sign(∂f/∂v)

trA = ∂f/∂u+ ∂g/∂v > 0
⇒ ∂f/∂u, ∂g/∂v must not both be negative

⇒ If (u0, v0) is limit cycle solution, A has the
following possible signs

A =

&
+ −
+ −

'
or

&
− +
− +

'

Further analysis would require to know the signs of
∂f/∂u, . . .
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Parameter Domain Determination for Oscillations

Goal: Get conditions on parameters to have periodic solutions

1using the Law of Mass Action
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Parameter Domain Determination for Oscillations

Goal: Get conditions on parameters to have periodic solutions

e.g. some reaction mechanism

yielding1

du

dt
= a− u+ u2v = f(u, v),

dv

dt
= b− u2v = g(u, v) (19)

where a, b are positive constants.

1using the Law of Mass Action
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Parameter Domain Determination for Oscillations

Goal: Get conditions on parameters to have periodic solutions

e.g. some reaction mechanism

yielding1

du

dt
= a− u+ u2v = f(u, v),

dv

dt
= b− u2v = g(u, v) (19)

where a, b are positive constants.

For which a, b do we have oscillatory solutions?

1using the Law of Mass Action
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Mathematical system of (non-linear) ODEs
du
dt = a− u+ u2v = f(u, v), dv

dt = b− u2v = g(u, v)

Assume confined set around S.
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Mathematical system of (non-linear) ODEs
du
dt = a− u+ u2v = f(u, v), dv

dt = b− u2v = g(u, v)

Assume confined set around S.
Find equilibria

f(u0, v0) = a− u0 + u20v0
!
= 0, g(u0, v0) = b− u20v0

!
= 0

⇒ u0 = b+ a, v0 =
b

(a+ b)2
,with b > a, a+ b > 0.
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Find equilibria, continued

v0 =
u0 − a

u20
, b = u20v0 = u0 − a
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Find equilibria, continued

v0 =
u0 − a

u20
, b = u20v0 = u0 − a

Determine A

A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'
=

&
−1 + 2u0v0 u20
−2u0v0 −u20

'
=

& 1−2a
u0

u20
−2 + 2a

u0
−u20

'
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Find equilibria, continued

v0 =
u0 − a

u20
, b = u20v0 = u0 − a

Determine A

A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'
=

&
−1 + 2u0v0 u20
−2u0v0 −u20

'
=

& 1−2a
u0

u20
−2 + 2a

u0
−u20

'

Conditions: detA > 0, trA > 0.
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Find equilibria, continued

v0 =
u0 − a

u20
, b = u20v0 = u0 − a

Determine A

A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'
=

&
−1 + 2u0v0 u20
−2u0v0 −u20

'
=

& 1−2a
u0

u20
−2 + 2a

u0
−u20

'

Conditions: detA > 0, trA > 0.

detA = u2
0 > 0
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Find equilibria, continued

v0 =
u0 − a

u20
, b = u20v0 = u0 − a

Determine A

A =

&∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

'
=

&
−1 + 2u0v0 u20
−2u0v0 −u20

'
=

& 1−2a
u0

u20
−2 + 2a

u0
−u20

'

Conditions: detA > 0, trA > 0.

detA = u2
0 > 0

trA = ∂f/∂u+ ∂g/∂v > 0: ⇒ 1− 2a/u0 − u2
0 > 0

⇒ a <
u0(1−u2

0)
2 , b = u0 − a >

u0(1+u2
0)

2 .
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Conditions on a, b to have limit cycle solution:

a <
u0(1− u20)

2
(20)

b = u0 − a >
u0(1 + u20)

2
(21)
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Summary

Summary

Linearise 2-dimensional system of differential equations
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Linearise 2-dimensional system of differential equations

Sufficient conditions for equilibria being stable / unstable /
giving rise to limit cycle solution (oscillation)
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Summary

Summary

Linearise 2-dimensional system of differential equations

Sufficient conditions for equilibria being stable / unstable /
giving rise to limit cycle solution (oscillation)

Find conditions on parameters for osciallations
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Appendix

Supplemental content. Confined set.

Back to equilibria overview .


